In both thermodynamics and quantum mechanics the arrow of time is characterized by the statistical likelihood of physical processes. We characterize this arrow of time for the continuous quantum measurement dynamics of a superconducting qubit. By experimentally tracking individual weak measurement trajectories, we compare the path probabilities of forward and backward-in-time evolution to develop an arrow of time statistic associated with measurement dynamics. We compare the statistics of individual trajectories to ensemble properties showing that the measurement dynamics obeys both detailed and integral fluctuation theorems thus establishing the consistency between microscopic and macroscopic measurement dynamics.
The entanglement between a quantum system and its environment can be harnessed for indirect measurements, where measurements on the environment alone convey information and induce backaction on the system [1, 2] . Because the outcomes of measurements on quantum systems are inherently probabilistic, the outcomes of measurements on the environment have a random character and are statistically described by the quantum state as a model parameter. As the quantum state informs a predictive model of environment fluctuations, experimental measurements on the environment can serve as a predictor for the quantum state. In the fashion of Bayesian inference, quantum state tracking then consists of estimating model parameters conditioned on experimentally detected environment fluctuations resulting in a conditional stochastic evolution of the quantum state-a quantum trajectory [2, 3] .
Recent experimental capabilities in cavity quantum electrodynamics have enabled high efficiency sampling of environment fluctuations and tracking of individual quantum trajectories [4] [5] [6] [7] [8] , including statistical properties of these trajectories [9] [10] [11] [12] [13] . These quantum trajectories bear a conceptual similarity to classical stochastic trajectories of particles that interact with a thermal reservoir. For such classical trajectories, entropy production can be characterized by tracking the evolution of single particles and comparing the probability density for forward versus time reversed trajectories [14] [15] [16] [17] [18] . Experiments in classical systems [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] have verified that these entropy measures satisfy fundamental fluctuation theorems that relate microscopic dynamics to ensemble behavior [30] [31] [32] [33] [34] [35] [36] . More broadly, these are related to fluctuation theorems for work distributions which have been extended to quantum systems [37] [38] [39] [40] [41] [42] [43] . There have been several proposals for experimental tests [44] [45] [46] [47] [48] [49] [50] [51] with recent experimental results in closed quantum systems [52, 53] . In contrast, open quantum systems present new phenomena associated measurement backaction [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] . In this letter, we characterize the entropy production of an open quantum system with individual quantum measurement trajectories [54, 57, [64] [65] [66] , using information entropy measures to characterize a statistical arrow of time in quantum measurement. We show how a statistical arrow of time is revealed by path probabilities of forward versus time reversed quantum trajectories [67] [68] [69] [70] . As in the case of classical trajectories, these probability densities satisfy a fluctuation theorem that is consistent with the correspondence between microscopic dynamics and ensemble behavior.
Our experiment focuses on a paradigmatic system of quantum measurement consisting of a pseudo spin-half system coupled to a single mode of the electromagnetic field (Fig. 1a) [5, 10] . The two lowest levels of a transmon circuit [71, 72] give a qubit transition frequency ω q /2π = 4.01 GHz, and coupling to a microwave cavity results in a dispersive interaction given by the interaction Hamiltonian H int = −χa † aσ z , where χ/2π = −0.6 MHz is the dispersive coupling rate, a † a is the number operator for the cavity mode at frequency ω c /2π = 6.8316 GHz, and σ z is the Pauli operator that commutes with the qubit Hamiltonian. Qubit measurement occurs when a microwave tone probes the cavity resonance, acquiring a qubit-state-dependent phase shift. The shift on the cavity resonance 2|χ| is small compared to the cavity linewidth κ/2π = 9.0 MHz, endowing the measurement tone with a relatively small qubit-state-dependent phase shift. By virtue of this qubit-cavity interaction, the qubit state is correlated to a single field quadrature of the microwave probe, which is subsequently amplified by a near-quantum-limited Josephson parametric amplifier [73, 74] operating in phase sensitive mode.
The amplified quadrature is downconverted to DC and digitized into timesteps {t k } k=n k=0 to obtain a set of measurement records {r k } k=n−1 k=0
. From these measurement records, we reconstruct piecewise continuous trajectories, with each individual trajectory captured by a time-series of density operators {ρ k } k=n k=0 [75] . Informed by successive measurement records in a time-series, we use an iterative update scheme to infer the qubit state and realize a single trajectory. The dynamics of the trajectory results from the impression each stochastic measurement record r k has on our state-of-knowledge ρ k . The statistics of the measurement record and the dynamics imparted on the state are described by the positive operator-valued measure (POVM) [76] ,
where the measurement strength is the product of the signal integration duration δt = t k+1 − t k = 16 ns and the measurement rate 1/τ = 1.97 µs −1 . In addition to measurement, the evolution includes a dynamics due to a resonant Rabi drive by the Hamiltonian H/ = Ωσ y /2 with Ω/2π = 2.16 MHz, which is in a rotating frame of the qubit transition. The POVM provides a state update conditioned on the measurement record from the rela-
, where the probability density of the measurement outcome is given by
] dr k . By this probability density, and the associated information entropy, we statistically examine time reversal in the measurement process by comparing the likelihood of quantum trajectories that are ordered forward versus backward in time.
The notion that the quantum measurement process can be reversed stems from studies of 'measurement undoing' [77] , where weak measurements can essentially erase information from previous measurements. As such, time reversal of the measurement process is established by reversing dynamics for a single measurement update step, where time reversed measurement 'undoes' the backaction from forward measurement in a physically realizable way (Fig. 1b) . This measurement reversal has been observed in a variety of experimental platforms [5, [78] [79] [80] and analyzed in the context of POVMs as we employ here [81] . For each measurement by POVM M r k , there is a corresponding measurementM r k = Mr k , wherer k = −r k is the time reversed measurement record which restores the initial state-of-knowledge, albeit with a statistical weight,M
In addition, at each step the unitary evolution of the Rabi drive is reversed (Ω → −Ω). To explore the statistical cost of time-reversed dynamics along a quantum trajectory with many timesteps, we use the path probability densities of forward and backward evolution to define a quantity Q that characterizes the length of time's arrow,
(2) Since Q is the sum of relative entropies between forward and reversed timesteps, a trajectory with positive Q indicates a forward pointing arrow of time, for its measurement record has a greater probability density when considered forward, opposed to backward, in time.
To gain an intuition into this arrow of time quantity Q we examine the measurement record in continuous limit, r(t) ∝ z(t) + √ τ dξ, where r(t) and z(t) are respectively the measurement record and qubit expectation value σ z in the continuous limit, and dξ is a zero mean Gaussian random variable. Consequently, we calculate Eq. 2 as an integral and findQ k 2r(t)z(t)/τ [68, 82] . Hence it is clear that the contributions to the forward arrow of time occur when the record and state are correlated.
In our experiment, the measurements take place with a finite quantum efficiency η = 0.4, determined by comparing the measurement rate to the total dephasing rate Γ = 1/(2ητ ) [83] . Measurement with finite efficiency can be modeled by the measurement dynamics of multiple measurement channels, where our experimental measurement record is but one of these channels [76] . In the case of multiple channels, the dynamics is described by a POVM characterizing simultaneous measurement from every channel. An observer who has access to only one channel then describes system dynamics by averaging over all unknown measurement outcomes. Averaging over the unknown measurement outcomes results in dephasing of the qubit state, which breaks the time reversibility of the measurement dynamics. To restore reversibility we estimate the quantum trajectories that would be obtained for an observer with access to all measurement channels. These trajectories serve as the model that governs the probability density for forward and reversed measurement sequences. As shown in Figure 2 , the finite quantum efficiency in our experiment arises predominantly from attenuation of the cavity probe between the cavity and Josephson parametric amplifier, and this attenuation can be modeled as a beam splitter where the cavity probe is split between two observers which we denote "Alice" (our experimental record) and "Bob" (an unmonitored channel). A third observer, "Charlie" has access to both Alice and Bob's measurement records and can therefore track quantum trajectories that are reversible as previously discussed.
For each experimentally sampled quantum trajectory we create an ensemble of pure state trajectories that are estimates for the pure state quantum trajectory determined by Charlie, as depicted schematically in Figure 2 . This ensemble of possible trajectories for Charlie corresponds to an unraveling of the Lindblad master equation that describes Alice's quantum trajectory.
This unraveling, however, depends on what type of measurements Bob makes on his channel, which we will analyze in the two extremal cases. Alice uses a parametric amplifier to measure the quadrature of the microwave probe that is correlated with the qubit populations in the σ z basis, which we denote as z-measurement. In one case, Bob measures the field in this basis revealing further information about the qubit populations. In the other case, Bob measures in an incompatible basis, which does not reveal information about the qubit populations but rather about phase shifts on the qubit imparted by an ac Stark shift due to the cavity probe, which we refer to as φ-measurement [5, 84, 85] . The corresponding quantum trajectories for Charlie are markedly different in both cases, resulting in different possible arrows of time for Alice.
We model the finite efficiency beam splitter (Fig. 2a ) in a time segmented fashion, such that Alice makes perfectly efficient measurements for a fraction η of her measurement records, and records noise upon the remaining 1 − η of measurement records. A possible trajectory for Charlie is constructed by updating the state with Alice's measurement record with probability η, otherwise with Bob's measurement record at each timestep. Both state updates are implemented with unit efficency (1/τ → 1/ητ ). In the two limiting cases for Bob's measurement basis, we construct Bob's measurement by statistically sampling measurement values distributed according to Charlie's state: Bob's compatible-basis-measurements are characterized by Eq. 1 and incompatible-basis-measurements are drawn from a zero-mean Gaussian of variance 1/(2Γδt) = ητ /δt [82] . From a single sequence of experimentally obtained measurement records we create an ensemble of unraveled trajectories which has an average evolution consistent with the single finite efficiency experiment trajectory. Several unraveled quantum trajectories are shown for these two limiting cases in Figure 2c and 2d.
We now examine the arrow of time for an ensemble of experimentally sampled quantum trajectories. Figure 3a displays distributions of Q based on 2.8 × 10 5 trajectories for different evolution times. Each evolution time is associated with two different distributions for Q, corresponding to Alice's arrow of time, given the limiting cases of Bob's measurement basis. Here we see the role of measurement backaction in the choice of Bob's measurement basis, where z-measurement leads to a greater occurrence of both forward-likely and backward-likely trajectories as indicated by the broad Q distribution compared to the counterpart Q distribution for φ-measurements. When Bob measures in a compatible basis with Alice, the effectively stronger measurement causes the trajectory to take on more extremal values of z resulting in stronger correlation and anti-correlation to the observed measurement record.
Notably, negative values of Q occur for Alice's arrow of time for both Bob's z and φ-measurements, corresponding to trajectories where the time reverse process is more likely. This phenomenon of negative entropy production is well known in microscopic stochastic systems and is typically characterized by a fluctuation theorem [15-18, 31-35, 86] . In Figure 3b we show that the data are in agreement with a detailed fluctuation theorem,
which quantifies the relative probability of obtaining a forward pointing arrow of time with length Q to the probability of a backwards arrow of the same length. For small values of Q, the agreement with the detailed fluctuation theorem indicates that the experimentally sampled relative occurrence of Q, as given by the left hand side of Eq. 3, is in agreement with the definition of Q on the right hand side. The self consistency of such a fluctuation arises because the microscopic dynamics and the macroscopic statistics are consistent with the definition of Q. However, for larger values of Q, the fluctuation relation is clearly nonlinear, a feature that is related to the presence of absolute irreversibility which we now explore in detail.
To examine the presence of absolute irreversibility, we consider special measurement condition where the Rabi frequency of the drive Ω = 0. In this case, the measurement operators commute with the qubit Hamiltonian resulting in a quantum non-demolition measurement. We consider the case where the qubit is prepared such that σ x 1 and measurements project the system toward the stationary points σ z → ±1. Figure 4 displays the distributions for Q for several evolution times. Note that Bob's measurement basis does not affect Alice's arrow of time in this case.
For the simple dynamics of this semi-classical measurement, the probability density of Q is found analytically by performing a change of variables in the measurement record probability density [68] ,
(4) Histograms of Q from experiment are plotted for a selection of final times T with their corresponding theoretical probability density in dashed lines.
Clearly, the relative probabilities for forward and backwards arrows of time in this measurement case do not satisfy the detailed fluctuation theorem (Eq. 3). This is because the detailed fluctuation relation is only satisfied for the total statistical entropy change during a process [16] . In the presented case, the statistical arrow of time quantity Q does not capture the contributing influence of the initial state of the trajectory, hence quantum measurement is, in general, a nonequilibrium, irreversible process. Here, the initial state imposes a lower bound on the possible values of Q [68] . This sensitivity to initial conditions results from the 'un'-likelihood of a particular initial state, quantified by an absolute irreversibility [87] [88] [89] [90] . As presented in Figure 4b , the absolute irreversibility is quantified by the integral fluctuation theorem, which gives a deviation from unity resulting from the ensemble of trajectories containing a surplus of state updates that have a positive statistical arrow of time. This is due to the favoring of correlations between the qubit state and measure record from the measurement projection process. This contribution to the entropy is physically analogous to the entropy increase associated with irreversible expansion of gas. The semi-classical measurement case discussed here clearly illustrates absolute irreversibility due to initial conditions since the initial state is far from the fixed points of the measurement dynamics.
Continuous quantum measurement leads to a probabilistic dynamics of the quantum state. Under conditions where this dynamics is time reversible, we can consider the probabilities associated with both forward and reversed dynamics. These probabilities allow us to infer 
SUPPLEMENTARY MATERIAL
This supplementary material contains further information of the arrow of time expressions in the presence of finite measurement efficiency as well as further details on the unraveling procedure presented in the main text.
I. QUANTUM STATE TRACKING WITH FINITE EFFICIENCY MEASUREMENTS
As sketched in Figure 1 , the finite efficiency measurements can be modeled as multiple observers that each measure a portion of the cavity output. While in the main text, we considered only two observers, Alice and Bob, where Bob has a choice to measure his observed signal in any basis, here we consider three observers; Alice who measures a portion of the signal in the basis that corresponds to information about the qubit populations in the energy basis (zmeasurement), an additional observer Bob, who also measures in this basis, and a third observer, Rob, who measures in an incompatible basis (φ-measurement). We also consider a global observer, Charlie, who has access to all the measurement records (and can further exclude the added quantum noise from the beam splitter). We begin our discussion by constructing a positive operator-valued measure (POVM) for Charlie's measurement given all measurement records from Alice, Bob, and Rob which we denote respectively as r, ϑ z , and ϑ φ . This POVM is constructed from three commuting measurements,
where 1/τ , 2γ z , and 2γ φ are the measurement rates for Alice, Bob, and Rob respectively. Charlie can reconstruct the qubit state evolution informed by both the experimentally measured signal from Alice and the experimentally inaccessible measurement records from Bob and Rob following the usual update equations for the density operator,
Furthermore, if Charlie averages over all measurement records, he observes an ensemble dephasing rate with contributions from each measurement channel,
where 1/2τ , γ z , and γ φ are respectively the dephasing rates induced by Alice, Bob, and Rob's measurement channels.
Note that every observer agrees on the total ensemble dephasing rate Γ, for this dynamics results from ignoring all measurement records.
B. Dephasing and the POVM for Alice's measurement
With a full description of the measurement process from Charlie's POVM we are in a position to examine how each measurement observer accounts for missing information of the other measurement channels, since Alice, Bob, nor Rob have a POVM that correctly describes the ensemble statistics and dephasing. Hence, Alice, Bob, and Rob each update their qubit state-of-knowledge using Charlie's POVM but must average over all possible measurement records from the other observers.
Thus Alice's updated state, ρ
In terms of state update equations, this expression is equivalent to an update with Alice's POVM and then performing a dephasing operation by rescaling off-diagonal elements. This POVM is written as [91] ,
where Alice's POVM update is followed by a dephasing operation which rescales off-diagonal density matrix elements by a factor e −(Γ−1/2τ )δt = e −(γz+γ φ )δt . For the case of measurement in the presence of an additional Rabi drive with Rabi frequency Ω, each state update step can be approximated as a measurement given by (7) followed by unitary rotation by angle Ωδt in the Bloch sphere on the axis of the drive. We find measurement updates from this POVM are consistent with the qubit state evolution as verified by quantum state tomography [5, 10] .
C. Forward & backward path probabilities
The notion of time reversal of the measurement presented in the main text is only valid for the perfect efficiency observation characterized by Charlie's POVM measurement, since inefficient measurement does not lend to time reversible dynamics due to pure dephasing. Here, we examine the arrow of time statistic for Charlie's observation and show that it is a sum of Alice's arrow of time statistic and Bob's statistic, thereby justifying the expression used in the main text.
In this calculation, we first consider the path probability density for continuous weak measurement trajectories of Charlie's POVM. We then calculate the arrow of time statistic for Charlie's trajectories Q c as the log ratio of Charlie's forward and backward path probabilities according to the procedure of [68] .
The joint probability distribution for Alice, Bob, and Rob's measurement outcomes (r, ϑ z , and ϑ φ ) given the qubit state ρ is calculated from Charlie's POVM as,
We rewrite Eq. (8) in the continuous limit (δt τ, 1/2γ z , 1/2γ φ ) and only consider exponentiated terms since we are interested in path probability ratios,
A given continuous trajectory of duration T then samples from the entire path distribution that is the continuous product of state updates,
where exponential prefactors are absorbed by the functional measures DrDϑ z Dϑ φ . To find the relative path probability between forward-in-time and backward-in-time trajectories we apply a time reversing transformation to the probability distribution by the replacement t → T − t and flipping the sign of the measurement records
such that the time reversed trajectories adhere to the same equations of motion of their forward-in-time counterparts, ensuring reversible dynamics. The time reversed probability density is,
We calculate the arrow of time statistic as the logarithm ratio of the forward and backward probability densities,
and we note two points from Eq. 9. First, Charlie's arrow-of-time statistic does not depend on Rob's measurements, since Rob's measurement record shares no correlation with the measured state, thus Rob's measurement term is statistically invariant under time reversal. Second, we note that Q C is a sum of two terms; the first term is the correlation between Alice's record, r(t) and Charlie's state z(t), the second is the correlation between Bob's record ϑ z (t) and Charlie's state. In the main text, we presented Alice's observed arrow-of-time, which is given by the first term of Eq. 9. The effect of Bob and Rob's measurements on Alice's arrow-of-time enters through Charlie's state z(t).
In the case of measurement along with Rabi drive, for the weak driving limit Ωδt 1, we simply apply this reasoning at each timestep, summing the contributions of each measurement to Alice's arrow-of-time.
II. UNRAVELLING METHOD FOR INEFFICIENT EXPERIMENT TRAJECTORIES
For the unravelling of experimental weak measurement trajectories, we replace the beamsplitter discussion presented above with a method that is well suited for the piecewise continuous trajectories that we study. Here we model the beamsplitter in a time segmented fashion, where at any timestep the measurement signal is directed to one of the observers Alice, Bob, or Rob with unit efficiency and the other two observers measure zero-mean Gaussian noise. Charlie in turn knows the recorded values and the configuration of the beamsplitters at each timestep. In this approach, a measurement channel is probabilistically selected to perform a measurement for a single timestep, measuring with the total measurement strength 2Γ set by the ensemble dephasing rate Γ as defined in Eq. (5).
The measurement strengths 1/2τ , 2γ z , and 2γ φ fix the relative likelihood that a measurement channel is randomly selected at a given time. Here, inefficient experimental measurement is equivalent to Alice partaking in qubit measurement for only a fraction of all time, but with perfectly efficient measurements and a measurement strength according to the total dephasing rate.
This method makes construction of an ensemble of possible trajectories for Charlie possible; for each of Alice's records, a random sample of η of these records are chosen as real measurements, updated with Eq. 7 using τ → 1/2Γ = ητ . For the other measurement steps, we consider hypothetical measurements given by either Bob or Rob corresponding to the two limiting cases where they each measure the remaining signal with perfect efficiency.
